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1. INTRODUCTION 
The possible number of distinct meromorphic solutions of the differential 
equation 
u’= i ai( 
i=O 
has been considered by many authors in recent years. G. Gundersen and 
I. Laine proved 
THEOREM A [ 1, Theorem 41. Consider a Bernoulli differential equation 
of the form 
U’=Al(z)u+An(z)u’~, (1) 
where A,(z) is entire, A,(z) $0 is meromorphic, and n 3 3. 
(a) Zf n 2 5, then Eq. (1) can have at most n distinct meromorphic 
solutions. 
(b) Zf n = 4 and Ad(z) is entire (meromorphic), then Eq. (1) can have 
at most 4 (7) distinct meromorphic solutions. 
(c) Zf n = 3 and A3(z) is entire (meromorphic), then Eq. (1) can have 
at most 5 (7) distinct meromorphic solutions. 
THEOREM B [ 1, Theorem 31. For n > 3, the differential equation 
u’= i a,(z)d, (2) 
i=O 
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where each a,(z) is a polynomial (a,(z)$O) can possess at most a finite 
number of distinct meromorphic solutions. 
Later, He Yuzan obtained 
THEOREM C [2, Theorem 21. Equation (2) can haue at most K distinct 
meromorphic solutions where K is a constant depending on n, 
deg(d . . . . deg(a,). 
Gao Shian [3] generalized Theorem B by showing that the conclusion 
of Theorem B still holds when each a,(z) is allowed to be a rational 
function. He asked whether the number of meromorphic solutions is n + 1. 
In this paper, we consider, in Theorem 1, the number of distinct 
meromorphic solutions of Eq. (1) where A i(z) is meromorphic. Theorem 2 
is an improvement of Theorem C. We also give an example to show that 
the conclusions of Theorem 1 are the best possible, and give an answer for 
the question in [3]. 
In this paper, the term “meromorphic” will always mean meromorphic in 
the whole complex plane. We assume that readers are familiar with 
R. Nevanlinna’s theory of meroporphic functions [4]. We denote by deg(a) 
the degree of the polynomial a(z). 
2. THE NUMBER OF MEROMORPHIC SOLUTIONS 
OF THE BERNOULLI EQUATION 
In this section, we obtain 
THEOREM 1. For n > 3, consider the Bernoulli differential equation 
u’=A,(z)u+A.(z)u”. (3) 
where A,(z), A,(z) $0 are meromorphic. 
(a) Zf n B 5, then Eq. (3) can have at most 2n - 1 distinct meromorphic 
solutions. 
(b) Zf n=4, then Eq. (3) can have at most 10 distinct meromorphic 
solutions. 
(c) If n= 3, then Eq. (3) can have at most 9 distinct meromorphic 
solutions. 
To prove Theorem 1, we need the following result, which is easy to 
prove. 
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LEMMA 1. If u(z) f 0 is a meromorphic solution qf‘ Eq. (3), then Eq. (3 ) 
will possess n - 1 distinct meromorphic solutions e, u(z), ezu(z), . . . . e,, ~, u(z). 
where e,, e2, . . . . e,,- , are the (n - 1 )th roots of unity. 
Substituting w  = u’ ” into Eq. (3) we obtain the differential equation. 
w’=(l -n)A,(z)w+(l -n)A,(z). 
Thus 
24’ -“(z) = e(’ pn)rcz)( g(z) -t C), (4) 
where S’(z) = A,(z); g’ = (1 - n) A,(z) e@- ‘)‘(‘), and C is a constant. 
LEMMA 2. Zf u,(z), u*(z) are two linearly independent meromorphic 
solutions of Eq. (3), then g(z), e(l-n)f(z) are meromorphic, and there exist 
two distinct constants C1, C2 such that 
Rr, g, Ci) G -& T(r, g)+Wlh i= 1, 2. (5) 
ProoJ: Since u,(z), uZ(z) are linearly independent, we know that by 
Lemma 1 that there exist two distinct constants C,, C, such that (4) holds. 
Thus 
u,(z) I-* &)+C, 
(-1 =l+ 
cl-c, 
uz(z) = g(z) + c2 g(z) + c* 
(6) 
It follows that g(z) is meromorphic. Moreover, from (4) we obtain that 
e(’ - ‘)f(=) is also meromorphic. 
If g(z) has a -Ci point at z,, then from (6) we see that zi will have mul- 
tiplicity at least n - 1. Hence by Nevanlinna’s first fundamental theorem, 
g(z) is a meromorphic function which satisfies the following conditions as 
r+ co [4,p.45]: 
T(r, g)+Wl), i= 1,2. 
This proves Lemma 2. 
Proof of Theorem 1. Suppose n > 5. Then it follows from the 
Nevanlinna deficiency relations (5) that there could be at most two values 
of Ci that satisfy (5). Thus there can be at most 2(n - 1) distinct 
meromorphic functions that satisfy (4). Noting that U(Z) = 0 satisfies (3), 
it follows that Eq. (3) can have at most 2n - 1 distinct meromorphic 
solutions. 
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The proofs of the cases n = 4 and n = 3 are completely analogous to the 
previous proof of cases n 2 5, and together prove Theorem 1. 
EXAMPLE. The differential equation 
Z 
n-2 
24’ = - 7 (24 - q, n-1 n23, 
Z 
has 2n - 1 distinct meromorphic solutions, namely 0, ei, e,/z (ei is an 
(n - 1)th root of unity, i = 1, 2, . . . . n - 1). 
Remarks. (i) This example shows that the numbers in the conclusion 
(a) of Theorem 1 are the best possible and also gives an answer for the 
question which Gao Shian asked in [3]. 
(ii) The author does not known whether or not the conclusions (b) 
and (c) in Theorem 1 are sharp. 
3. GENERALIZATION OF THEOREM C 
In this section, we obtain Theorem 2, which improves Theorems B 
and C. 
THEOREM 2. For n 2 3, the differential equation 
a’= i a,(z)u’,. 
i=O 
(2) 
where each a,(z) is a polynomial (a,(z)fO) can possess at most 
K(n, deg(a,)) distict meromorphic solutions, where 
K(n, deg(a,))< (n- l)[(n- 1) deg(a,)+ l]deg(an)+ 1. 
Proof. It is well known from the Malmquist Theorem [ 1,2] that each 
meromorphic solution of Eq. (2) must be rational. Since n > 3 it is easy to 
show that if z0 is a pole with multiplicity q of a solution u(z), then z. must 
be a zero of a,(z) of multiplicity at least q. 
Now let uo(z) be a fixed rational solution of Eq. (2). If U(Z) $uo(z) is 
another solution of Eq. (2) then w(z) = U(Z) - uo(z) satisfies the following 
equation: 
(7) 
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where P(Z) is a polynomial in a2, . . . . u,,, a,,~,,, uo ‘, \v, M>‘, . . . . 4 ‘, then (7) 
becomes 
“‘= i ia, u;-’ + u; 3wP(z). 
W ISI 
(8) 
Now suppose that w  = u - u0 (for u $uO) has a zero at z,,. From the 
existence and uniquenes of solutions of Eq. (2) it follow that z0 must be a 
pole of U(Z) and U,,(Z). Hence a,(z) uO(z) is analytic at z,,, this implies 
a,(z,)=O. Let zl, z2, . . . . z, be the distinct zeros of a,(z); then w(z)= 
C(z - z,)‘l(z - z~)‘~. . . (z - z,)~~, where C is a constant and 1, is an integer 
with 
I, 2 - deg(a,). (9) 
If Zi > 0 then zi is a pole of u,Jz). Thus if PC(Z,) denotes the number of 
possible choices for an integer li, then we prove that 
PC(I,) < (n - 1 deg(a,) + 1, (i’ 1,2 > ..‘, s); (10) 
in fact, if li > (n - 2) deg(a,), then u;l-‘wp(z) is analytic at zi, hence from 
(8) we have 
Ii = Res z= Res 
z=ir w  
i ka,(z) U: ~ ‘(z). 
z=z, k=, 
We know that the right-hand side of this equation is a constant, therefore 
if li > (n - 2) deg(a,) then PC(I,) = 1. 
Combining this with (9) we have proved (10). 
Now we make the assumption that the number of distinct meromorphic 
solutions of Eq. (2) is greater than (n - 1) [ (n - 1) deg(a,) + 11 deg(an) + 1. 
From the two conditions (9) and (10) it follows that there must exist n 
distinct nonzero rational solutions wO, wl, . . . . w,- 1 of (7) which all 
have the same zeros and poles counting multiplicities. Hence, for each i, 
wj = ciwo, where Ci are nonzero distinct constants and C, = 1. Substitu- 
tion of wi= C,w, into Eq. (8) yields 
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for each i. For i = 0, 1, . . . . n - 1, (11) is a homogeneous system of n equa- 
tions in the n functions Cy= I ja, z& ho - wb; CyZk(L) a, z.$-~w~; 
(k = 2, . . . . n). Since the constants C,,, C,, . . . . C,- , are all distinct, the deter- 
minant of this system is a nonvanishing Vandermonde determinant. But 
this implies that a,(z) w;(z) ~0, which is a contradiction. Hence our 
assumption that the number of distinct meromorphic solutions of Eq. (2) is 
greater than (n - l)[ (n - 1) deg(a,) + l]deg(on) + 1 is false. This proves 
Theorem 2. 
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